Ordinary least squares estimator (OLS) becomes unstable if there is a linear dependence between any two predictors. When such situation arises ridge estimator will yield more stable estimates to the regression coefficients than OLS estimator. Here we suggest two modified ridge estimators based on weights, where weights being the first two largest eigen values. We compare their MSE with some of the existing ridge estimators which are defined in the literature. Performance of the suggested estimators is evaluated empirically for a wide range of degree of multicollinearity. Simulation study indicates that the performance of the suggested estimators is slightly better and more stable with respect to degree of multicollinearity, sample size, and error variance.
Introduction
Consider the standard form of multivariate linear regression (MLR) model defined by
) vector of regression coefficients and u is ( 1  n ) vector of residuals which are i.i.d. with zero mean and variance 2  . When X has full rank, the ordinary least squares (OLS) method, gives the estimate for β as
Due to near linear dependence between the predictors, 1 ) (   X X may not exist always and therefore OLS estimator will yield unstable estimates to the regression coefficients. That is, in presence of multicollinearity, OLS estimator becomes biased and also has large variance. When moderate or severe degree of multicollinearity is present 1 
will be large. That is, regression parameters are sensitive to small changes in the response variable y or the matrix of predictors X (Marquardt and Snee, [1] ; Vinod and Ullah, [2] ). Thus to overcome the drawbacks of OLS, there are number of techniques have been proposed in the literature, viz., Ridge regression, Principal component regression, Partial least squares regression, LASSO method of regression, Liu method of regression etc., for details, see Hoerl [3] , Hoerl and Kennard [4] , Helland [5] , Vinod and Ullah [2] , Mardikyan and Cetin [6] , Tibshirani [7] .
The Canonical Model
Here matrix X , is standardised such that X X  , is in the form of a near correlation matrix. Further, let
where W is a matrix of order ( p p  ) so that its columns are normalized eigen vectors of X X  , such that
., . . , , ( . The OLS estimator for γ is then given by
Ridge Estimation
Ridge regression is one of the most widely used techniques to cope with the problem of multicollinearity. It is an alternative technique to OLS. OLS estimator become unstable when there is a linear dependence between any two predictors. Linear dependency leads to multicollinearity and thereby inverse of the matrix X X  , may not be possible. When such a situation arises, Hoerl and Kennard [4] have suggested that; add a constant ) 0 ( k to every th j element of the diagonal of the matrix X X  , to overcome the problem of singularity. That is increasing the length of OLS estimator by a small amount ) 0 ( k , will reduce the MSE of β , and such a modification in X X  made the ridge estimator more robust to the problem of singularity. The ordinary ridge estimator for the regression coefficients is given by
Hoerl and Kennard [4] showed that ridge estimator is biased and its bias-square is continuous and monotonically increasing function of k . Also for 0 ≤ [9] methodology, which makes the use of "hat matrix", H, in turn the degrees of freedom for the error is
Some well-known ridge estimators
In the literature, several authors have defined different methods of estimating the ridge parameter k, to overcome the problem of multicollinearity. Some of the well-known methods for choosing ridge parameter are due to references [2, [10] [11] [12] [13] [14] [15] [16] [17] . 
where p , is the number of predictors, 
where j  is the eigen
(Khalaf and Shukur, [12] )
where max  the largest Eigen is value of X X  , and 2 max γ is the largest element of 
where ; ., . . , 2 , 1 , ) 1 ( 
where max  is the largest eigen value of X X  . 
where min max /    m is the condition number [2, 22] . Higher the value of m , higher is the degree of multicollinearity. If (30 < m < 100) means a moderate to strong multicollinearity, and if m > 100 suggests severe multicollinearity [23] .
x)
, (Satish and Vidya, [24] ) (16) xi)
, (Satish and Vidya, [24] ) (17) where, 1 k is the estimator due to Hoerl et al. [18] and 5 k is the estimator due to Dorugade and Kashid, [15] .
where, weight
, being the largest eigen value, and 2 2   w , is the second largest eigen value of X"X matrix. It is observed that the estimators defined in equations (7) to (12) are verified under very high degree (ρ ≥ 0.9) of multicollinearity between the predictors whereas, the estimators due to Satish and Vidya [20, 21, 24] are investigated under various degree of multicollinearity viz., low, moderate and high degree of multicollinearity. Also, Satish and Vidya [20, 24] , have considered different error distributions viz., normal and non-normal (t (5) -distribution with 5 d.f.) for the error term.
Further, the estimator due to Hoerl et al. [18] seems to be over shrunken the estimator towards zero and it does not work well when number of predictors is more than the sample size whereas the estimator due to Dorugade and Kashid [15] performs better when number of predictors is more than the sample size, and also when predictors are highly collinear, i.e., later is more stable than the earlier. Moreover, Askin and Montgomery [26] , proposed ridge regression based on M-estimates, where the M-estimates were computed using weighted least squares procedure. Holland [27] suggests that weights being used are non-negative, may not be equal, and their sum need not be equal to unity. Holland [27] also used the weighted least squares procedure to estimate β , where β "s are obtained by subtracting the means of s ' y and jth column of X j , respectively. Motivated by these features of the above estimators, we would like to suggest a new method of assigning weights to ordinary ridge estimators.
Proposed Estimators
Here we suggest two modified ridge estimators namely, weighted geometric mean ridge estimator; and secondly, a weighted harmonic mean ridge estimator, where weights being the first two largest eigen values ) ( and
These two estimators are obtained by taking weighted geometric mean and weighted harmonic mean of the estimators due to Dorugade and Kashid [15] , and Hoerl et al. [18] respectively. We have assigned higher weight (
, largest eigen value) to estimator, which is due to Dorugade and Kashid [15] , and lower weight (
, the second largest eigen value) to estimator, which is due to Hoerl et al. [18] . The weights are assigned in such a way that prior is more stable than the later, for p n  ; and the suggested estimators is defined by 
Modifications made the suggested estimators more robust to the problem of multicollinearity, since the two largest eigen values 2 1 and   , carry most of the information"s of the data matrix X and further, it is observed that an input of higher weights to more stable estimator will have more influence on the MSE, that is, MSE of the suggested estimators gets reduced to a certain extent, and thereby suggested estimators become more stable and comparable to some of the existing estimators, which are considered under this study.
LASSO [7] technique of regression is the one which shrinks some regression coefficients in absolute terms and sets others to zero. That is "LASSO minimizes the residual sum of squares subject to the sum of the absolute value of the coefficients being less than a constant", [17] . It is also used as subset selection operator and hence "tries to retain the good features of both subset selection and ridge regression" [7] . This article pertains to weighted ridge regression and does not through light on the subset selection.
Application of Real Data
Here we consider a part of the real data related to wages and other characteristics of workers [28] . We have computed VIF to know the degree of multicollinearity between the predictors; and then computed average mean square error (AMSE) ratio of OLSE over different ridge estimators which are considered in this article. The simulation results are given in Tables 1 and 2 . Above results indicate that the suggested estimators k 13 , and k 14 , perform better than all the other estimators except, the estimator due to Dorugade and Kashid [15] , i.e., k 5 , but the two suggested estimators coincide with [15] , in terms of MSE, and thereby their performances are comparable and satisfactory.
Simulation Study
Simulation study was conducted for various values of n, the sample size; p the number of predictors, residual variance 2  , and  , the degree of correlation, in the presence of low, moderate and a high degree of multicollinearity. The results were obtained by generating a random data matrix X of size ( p n  ) using the relation:
 "s are independent standard normal pseudo-random numbers,  is fixed such that 2  is the degree of correlation between any two predictors. These variables are standardized such that X X  takes up correlation matrix form, and to generate y we have  β is any estimator that was used in this study. Ridge estimates were computed by considering the different estimators of the ridge parameter k , defined in equations (7) to (15) . The results of the simulation are presented in Table 3 . Here, the estimators leading to the maximum ratio of AMSE of OLS over AMSE of other ridge estimators were considered to be the best in terms of MSE. Table 3 . AMSE ratio of OLSE over different Ridge estimator"s when error (u) ~ N (0, σ 2 I). 
Discussion
From Table 2 , it is observed that for a moderate to high degree of correlations, the suggested estimators perform better than all the other existing estimators and coincide with k 5 . From Table 3 , one may observe that the estimators k 2 , k 3 and k 6 i.e., due to Lawless-Wang [10] , Nomura [19] and Dorugade [16] , have shown somewhat peculiar behaviour than any other estimators. Further for large n, say n ≥ 50, low error variance σ 2 (≤ 5), low and moderate degree of correlations (ρ), all the estimators considered here have produced unstable estimates for the ridge parameter. Estimators due to k 1 i.e., Hoerl et al. [18] , Satish and Vidya [20, 21, 24] i.e., k 7 , k 8 and k 9 behaved better, and yielded more stable estimates to the regression coefficients, but it is observed carefully that, these estimators slightly over shrinks the estimates to the regression coefficients as compared to other estimators due to Dorugade and Kashid [15] , Satish and Vidya [24] i.e., k 10 , k 11, and, k 12 ; and the proposed estimators k 13 and k 14 .
Conclusion
Motivated by the interesting behaviour of several popular estimators in Ridge Regression, an attempt was made to further refine the estimators so that the Mean Square Errors are reduced to a certain extent possible so that more robust and reliable estimates can be achieved. Accordingly new estimators were developed and their performance was evaluated in this study. As standard procedures to establish the robustness of the estimators, the newly developed estimators were evaluated in terms of MSE and compared with existing methods of estimators. Examples using real-life data and simulation studies were provided to illustrate the practical benefits of the new estimators. In all cases the performance of the proposed estimators was satisfactory and comparable.
